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Summary:
The purpose of this study is to examine several alternative forms of the
capital asset pricing model for specification errors. Based upon an analytical
examination of the impact of specification error upon ordinary least squares
estimates of a linear model, an empirical test for specification error was
developed. Based upon the results of the test, the continuous time versions
of the model are more appropriate than the discrete versions of the model for
market based research.
I.
The Capital Asset Pricing Model of Sharpe (1964), Litner (1965) and
Mossin (1966) has been the subject of much discussion and research. At-
tention has centered on the ability of the nuDdel to represent the rela-
tionship, in equilibrium, between the return of an individual security
and the return of the market portfolio (consisting of all assets, each
in proportion to total value outstanding)
.
A major criticism of the Capital Asset Pricing Model involves the
simplicity of the equilibrium relationship that it posits. Those who
have criticized the specification of the market model suggest that addi-
tional factors must be considered. Sharpe (1977) suggests that antici-
pations about key economic variables should be included. Similarly,
Turnbull (1977) relates the systematic risk of the firm to the respon-
siveness between the firm specific and the economic variables with the
market portfolio. Since only limited information exists concerning the
nature of the additional factors (Lee and Vinso (1979) and Rosenberg
(1974)), the use of models employing the richer specifications is neces-
sarily limited. The potential misspecification of the capital asset
pricing model and the resulting bias in parameter estimates has far
reaching consequences on security market research.
The purpose of this study is to test several alternative specifica-
tions of the capital asset pricing model, for monthly returns, for exclu-
sion of relevant explanatory variables. The set of firms used for the
analysis are all the firms on the CRSP (Center for Research in Security
Prices) data file having complete monthly return data for the period
January, 1970 through December, 1978. Specifically the question examined
is: Does the exclusion of potentially relevant explanatory variables from
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the capital asset pricing model result in a biased set of security return
predictions?
Relatively common specifications of the capital asset pricing model
are employed as objectively as possible in order to isolate the possible
bias due to the omission of relevant explanatory variables. Undoubtedly,
a more powerful discrimination of specification errors could be made
assuming specific alternatives. The purpose here, however, is to assess
whether model misspecification poses a limitation on the current speci-
fication of the capital asset pricing model for security price research.
The Misspecification Problem
Traditional market-based research uses some variant of the Sharpe
(1964), Litner (1972), Mossin (1966) capital asset pricing model to as-
sess the information effects of an accounting event. Under this approach,
the researcher uses estimates of the parameters of the market model and
values of the market return to form predictions of firm security return
behavior for a period which is independent of the period used to estimate
the model parameters. The predicted returns are used along with the
actual returns for the period to form return residuals. As Collins and
Dent (1978) note, there are several methods used to aggregate and analyze
the return residuals. A fundamental assumption employed in the methods
used to analyze return residuals is that the ordinary least squares esti-
mates of the model parameters are unbiased. This assumption may not hold
For a review of the methods used to test return-residuals and the
related econometric problems see Collins and Dent (1978).
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if the form of the market model employed is misspecified by excluding
relevant explanatory variables.
The subject of misspecif ication in linear statistical models is
treated in the traditional econometric literature (Johnston (1972),
Theil (1971)). However, the following brief scenario may provide in-
sight into the effect on parameter estimates of excluding explanatory
variables. To facilitate the explanation, y will denote an n ^ 1 vector
of observations of the dependent variable, X, will denote an n x k,
matrix of observations on known explanatory variables, X„ will denote
an n X k„ matrix of observations on the unknown explanatory variables,
E will denote an n x 1 vector of disturbance terms which are normal
2
(0,0 ) i.i.d,, B^ denotes the k^ x 1 vector of coefficients of X^ and
B„ denotes the k„ x i vector of coefficients of X„
.
Suppose that the correct specification of the dependent variable,
y, is:
a) y = X^B^ + X^B^ + e
where X^ , X^, B^ , B„, e are defined as above. However, the variables
composing the matrix X^ are not known. This may, in fact, be analogous
to the situation facing accounting researchers doing market based re-
search if the theoretical arguments presented in Sharpe (1977) or
Turnbull (1977) adequately describe the investment environment. Under
these conditions, the researcher may decide to estimate the model con-
ditional upon the known explanatory variables. This results in the
following specification:
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(2) y = X-^B^ + e*
where £* is a vector of disturbance terms. It readily follows from (1)
that e* must have the following form:
(3) e* = X^B^ + t .
2
Further, it may be shown that e* is distributed N(X„B„, o I).
The estimates of the coefficients for equation (2) using ordinary
least squares have the following form, " , denotes estimate;
(4) B^ = a[ X^)"^ X[ y ,
C3) o^ = (1/n-k^) £*• E* .
Unlike their counterparts from a correctly specified model, the estimates
of B^ and a are biased. That is, the expected value of the estimated
parameter does not eqxxal the population parameter being estimated. The
expected value of B and a are given below:
(6) E(B^) = B^ + iX[ X^)"-^ X^X^B^
,
(7) E(ih = a- + Cl/n-k^) (B^X^ M X^B^) ,
where M = (I-X, (Xi X^ ) X'), From equation (6) and equation (7) it is1^ 1 1' r
-1
clear that the bias of B is equal to (X' X^ ) X'X^B,, and that the bias
^9
in a" is equal to (1/n-k ) (B'X' M X B )
.
As noted in Johnston (1972, p. 168), the bias in the estimated
coefficients and the residual variance depends upon the relationship
between the excluded variables and the included variables. In order
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to examine the bias in the estimates further, it is necessary to specify
the relationship between the omitted variables and the included vari-
ables. For the sake of generality, two extreme relationships are ex-
s aamined—X„ is orthogonal to X^ , then X'X„ = 4'i, i, where <^, , ±
k^ X k^ matrix composed of zeros. If this is the case, then the esti-
mate of B is unbiased. However the bias in the estimate of is at
2
a maximum. If X„ is a linear combination of X^ , then the situation
reverses.
.
The a~ will be unbiased and the bias in the estimate of B
3
will be at a maximiim. It is unlikely to expect either of the two ex-
treme positions examined to hold in practice. As a result, if one ex-
cludes relevant variables from the capital asset pricing model, the
estimates of all the parameters in the model will be biased. In par-
ticular the estimate of the residual variance will be biased upward.
2
This follows easily from an examination of the bias component in
. Recall that the bias of a
,
denoted b(a ) = (1/n-k ) (B,1,X' M X^B^)
where M = (I-X (XJ X )"•'• X'). Thus it follows that:
bCa^) = (1/n-k^) (B^X/^X^B^ " B^X^X^(X]_ X^)"-"" X^^X^B^) .
But B^XlX^CXj X^) X X„B^ is a quadratic form and is always greater
than or equal to zero. Similarly, B'X'X„B„ is a quadratic form and
also greater than or equal to zero. But in the case under considera-
tion X'X„ = (?, , hence b(a^) = (1/n-k, ) (B'x;x„B„) which is greater
>\/^ X Z
than b(a ) where X'X„ '^ <P, , .X Z K_ f K.„
3
In this case, X„ is an exact linear combination ot X^ . Thus
there exists a k^ ^ ^? matrix C such that X^ C = X„ . Assiiming that X^
meets the usual rank conditions, C = (X' X^ ) X'X^. Substituting
_]_ 1 1
i
- ^ ^2
C = (X| X^ ) X^'X„ into the expressions for the bias of B and c"
^2
yields b(B-j_) = CE, and b(a ) = 0.
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The biases in the estimated parameters, aside from the obvious im-
plications on the evaliiation of model performance, also affect the nature
of the security return residuals used to assess the impact of accounting
information. Suppose that the model specified in equation (2) is used
to form predictions of security returns of a firm for some period inde-
pendent of the period used to estimate the model parameters. Let y ,
Xt„, X„ , £ represent the values of the variables during the prediction
period. From equation (1), y^, is related to X^^ and X„^ as follows:
.n in /xi
^S)
^H = ^1h!i + ^2k!2 + fH •
The prediction of y^) denoted y^, will only depend upon B-|_ and X^^j and
may be expressed as follows:
Tlie expression for the return residuals, u^, follows directly from equa-
tion (8) and equation (9)
:
The distributional properties of u^ are easily derived from equation (10).
Let E(«) denote the expectation operator, the first and second moments
of u^ are:
(.11) E(uj^) = (X2g - X^jjCX{ X^)"-^ XJ^X^) B^ ,
(12) E(^ - E(y )(^ - E(y )• = a^[I^ + X^^XX| X^)"^X|j^] ,
where I^j denotes an H x H identity matrix.
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Equation (11) clearly indicates that the exclusion of relevant var-
iables may result in a predictor which is biased. The bias in the re-
sulting residual security returns is related to the bias in the coef-
ficient estimate, B^ . As before, the exact nature of the bias depend
upon the relationship between X„ and X^. If X„ is orthogonal to X^
,
the bias is equal to X„„B„. Where as if X, is an exact linear combina-
tion of X^ the bias is equal to zero.
The Current Study
The CRSP data file contained 1001 companies listed on the New York
Stock Exchange for which complete, monthly security return data was avail-
able for the period 1970 through 1978. The 1001 companies formed an in-
itial sample for testing the alternative specifications of the capital
asset pricing model described below. However, the number of companies
used in the final specification test varied with the model form specified.
For each model specification, only those companies for which the computed
regression coefficients were found to be stable over the period 1970-1972
4
and 1976-1978 were used. The analysis of covariance test (Wilson (1978))
at the 5% level of confidence was used to assess stability.
Six alternative specifications of the capital asset pricing model
were used. These were:
(1) r^ = a + Br^^ + e^^
(2) (r^-r^^) = a + B(r^^-r^^) + e^t
(3) (r^-r^^) = B(r^^-r^^) +
^3^
(4) ln(l+r^) = a + B ln(l+r^^) + e^^
4
It is recognized that the use of the same test period for each com-
pany could bias the results of the significance tests below, where each
security is assumed independent. However, if the model is correctly
specified (the null hypothesis) this effect should be minimal.
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C5) InCl+Cr^-r^)) = a + B ln(l+(r^^-r^j.) ) + e^^
(6) Ina+ir^-rp) = B Ind+r^^-r^^)) + e^^
where r is the security return for time t, r is a value weighted
index of the return on the market portfolio for time t, r^ is the return
to a risk free asset at time t which was measured using the monthly re-
turn to U.S. Treasury Bills, a and B are the regression coefficients and
£. (i=l,2, . .
.
,6) are the regression disturbance terms.
The period January 1970 through December 1978 was partitioned into
two subintervals. One of the subintervals was used to estimate the
parameters of each of the five models specified. The second subinterval,
which is independent of the estimation interval, was used to form secur-
ity return residuals. The estimation interval consisted of 72 months
(January 1970-December 1972 and January 1976-December 1978) . The pre-
diction interval consisted of 36 months (January 1973-December 1975).
For the companies that had a stable regression relationship over the
estimation period, the vector of return residuals, u , was calculated
using the estimated coefficients from the regressions and the data of
the prediction period.
Test Results
The sets of return-residuals for each model were used to test two
null hypotheses concerning model specification errors. One hypothesis
involved the sums of the return residuals and was designed to detect
possible bias in the return residuals due to the exclusion of relevant
explanatory variables. A second hypothesis concerned a test of the
independence of the error term and the exogenous variable for each
model specified.
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Under the first hypothesis, if the model is correctly specified,
then the return residuals have expectation zero. This also implies
that the sum of the return residuals for the 36 month prediction period
have an expectation of zero. This amount for each company m and asset
pricing model k (k.=l,2,3,4, or 5) is:
36 .
s
,
= E u. .
m,k. . T i,m,k
' 1=1
where u. , is the return residual of the ith prediction period fori,m,k
firm m using model k. It is assumed that the sign of s v. is indepen-
dent across firms. Because specification errors may bias the assess-
ment of the variance of s
,
, the sign test is used to test for the
m,k
location of the median of the distribution of s , (Snedecor and
m,k
Cochran, 1976, p. 211). The null hypothesis tested was that the median
of the distribution of the sums of return residuals was zero. The al-
ternative in each case was that the median was not equal to zero.
Table 1 presents a siunmary of the tests.
[Insert Table 1 here]
The null hypothesis was rejected at the 0.05 level for each of the
first two models and accepted for the remaining three models. The first
model is the familiar market (or diagonal) model. The evidence suggests
that the security-return residuals from this model do not have an ex-
pectation of zero. Based on the foregoing analysis, biased return re-
siduals are an artifact of biased model parameter estimates. The second
model is a variant on the two factor model. The results for this model
are similar to the results for the market model—the security return
residuals are biased. The three models exhibiting unbiased residuals
are all logarithmic forms. The logarithmic form of the model corres-
ponds to monthly rates of return with continuous compounding.
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The second hypothesis tested involved the independence of the dis-
turbance terms and the explanatory variables. For these tests, the
statistic of interest for a particular firm m and model k (k=l,2,3,4,6)
is:
* 1 36 ^ —
p , = fj i: (u. , - u , )(x. , - X ,
)
m,k 36 ._, i,m,k m,k i,m,k m,k
v:here u. , is the return residual of the ith prediction period fori,m,k ^ *^
firm m using model k, X- , is the value of the exogenous variable in" i>m,k
the ith prediction period for firm m and model k, u , and X^ , are the
arithmetic means of u.
,
and X.
,
over the 36 month prediction in-i,m,k i,m,k
terval. Fisher's z transformation was applied to p , to obtain an
m,k
almost normally distributed variable (Snedecor and Cochran, 197b, p. 185).
A test of proportions is used to test the location of the mean of the
transformed sample statistics of each model (Snedecor and Cochran, 1976,
p. 211). The null hypothesis tested, for each model, was that the pro-
portion of firms falling outside of a 0.0455 level of confidence centered
at zero equalled C.0455. The alternative in each case was that the pro-
portion was not equal to 0.0455. Table 2 presents a summary of the
tests.
[Insert Table 2 here]
The null hypothesis was rejected in all cases. This suggests that
the explanatory variables and the disturbance term are not independent.
A possible explanation for this result is that the coefficients of the
explanatory variable are random. The random coefficient version of the
single index market model (model 1; has been examined by Fabbozzi and
Francis (1978) . Their research indicates that the random coefficient
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version of the model appears to be the most appropriate specification
of the return generating process for the 1963-1971 return generating
period. The primary effect of the random coefficients model is that
the disturbance term is heteroscedastic. This results in a loss in ef-
ficiency of the ordinary least squares estimates. However the ordinary
least squares estimates are still unbiased.
Conclusions
In this study, an attempt has been made to establish an empirical
basis to help resolve the question of which specification of the capital
asset pricing model is appropriate for accounting market based research.
The study covers only a nine year period and is limited to the firms
having complete return information for the period. The approach has of
necessity been one of using rather basic methods to assess, in a broad
sense, the predictive qualities of the models.
Even on the broad basis of examination, however, predictions based
on the logarithmic forms of the capital asset pricing model appear to
be unbiased. Whereas, predictions based upon the discrete models of
market behavior appear to be biased. The tests applied, while admittedly
weak, indicate that the logarithmic forms of the capital asset pricing
model are the more appropriate forms for use in accounting research.
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